Abstract. In this paper we give expressions for the generalized Drazin inverse of a (2,2,0) operator matrix and a 2 × 2 operator matrix under certain circumstances, which generalizes and unifies several results in the literature.
In this paper, we derive new formulae for the GD-inverse of a (2,2,0) operator matrix N under certain circumstances. Furthermore, we apply N d to give representations of M d under weaker restrictions, which generalizes and unifies several results of [7, 12-14, 17, 25] .
Since (a d ) n = (a n ) d for any a ∈ B we adopt the convention that a dn = (a d 
Generalized Drazin inverse of a (2,2,0) operator matrix
Let B be a complex unital Banach algebra. An element a ∈ B is called quasinilpotent, if lim n→∞ a n 1 n = 0. Let M 2 (B) be the 2×2 matrix algebra over B. Given an idempotent e in B, we consider the set M 2 (B, e) = eBe eB(1 − e) (1 − e)Be (1 − e)B(1 − e) ⊂ M 2 (B). Then M 2 (B, e) is a unital Banach algebra with respect to the norm a 11 a 12 a 21 a 22 = a 11 + a 12 + a 21 + a 22 .
Lemma 2.1. Let e be an idempotent of B. For any a ∈ B let σ(a) = eae ea(1 − e) (1 − e)ae (1 − e)a(1 − e) ∈ M 2 (B, e).
Then the mapping σ is an isometric Banach algebra isomorphism from B to M 2 (B, e) such that
Proof. By [9, Lemma 2.1] we have the mapping σ is an isometric Banach algebra isomorphism from B to M 2 (B, e). The rest of the proof is obvious.
where
Lemma 2.3. Let e be an idempotent of B and let a ∈ B be generalized Drazin invertible such that ea(1 − e) = 0. Then ea and a(1 − e) are both generalized Drazin invertible, and
for any positive integer n.
Proof. Since ea(1 − e) = 0, combining Lemma 2.1 and Lemma 2.2, we have ea
Hence ea is generalized Drazin invertible and (ea)
Similarly we can prove that a(1 − e) is generalized Drazin invertible and (a(1 − e)) d = a d (1 − e). Using ea(1 − e) = 0 we get easily (ea) n = ea n for any positive integer n. 
The following lemma is an immediate corollary of [17, Corollary 3.3.7] .
with a and d generalized Drazin invertible.
If abc = 0, bd = 0, (bc) d = 0, then x is generalized Drazin invertible, and
Now we can give our first main result. Recall that
Theorem 2.6. Let N = E I F 0 be an operator matrix with E and F generalized Drazin invertible. If F d EF π = 0 and F π F E = 0, then N is generalized Drazin invertible, and
Proof. We adopt the convention that
Note that a has the group inverse
and so aa π = 0. Using Lemma 2.3 we have (EF
By Lemma 2.5 we have
Substituting (2.1), (2.2) and (2.3) into (2.4) and using Lemma 2.1 will give the expression of N d that we wanted.
Corollary 2.7. Let N = E I F 0 be an operator matrix with E and F generalized Drazin invertible. If F d EF π = 0 and F π F E = 0, then N is generalized Drazin invertible, and
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Proof. Let N d = P + Q + R by Theorem 2.6, where
π F E = 0 we have P 2 = 0, RP = 0, RQ = 0, P Q = QP = 0, and
, by a routine computation, we get the expression of N dn as shown in Corollary 2.7.
The following theorem, which is a dual version of Theorem 2.6, can be proved similarly. 
and
. Using Lemma
we have (EF
The proof is similar in spirit to that of Theorem 2.6. Since
and dd π = 0.
Since
Combining (2.5) and (2.6), in a way exactly similar to Theorem 2.6, we get the result.
3. Applications to a 2 × 2 operator matrix 
Now, based on an observation on the matrix decomposition, we apply the representations of generalized Drazin inverse of the (2,2,0) operator matrix to give our 
Proof. Note that
Let us denote by P and Q the left matrix and the right matrix of the right hand side in (3.1), respectively. Then QP = α β γ ∆ , where
Applying Corollary 2.7 to ∆ we obtain the expression of ∆ dn for any n ≥ 1 as shown in Theorem 3.2. Since BD d = 0 and BD i C = 0 for i = 1, 2, . . ., we have We now analyse some special cases of the preceding theorem, some of which give results of [7, 13, 14, 17, 25] . 
Proof. The result can be deduced by routine computations.
The corollary above relaxes and removes Theorem 2.3 of [25] , in which Mosić consider the conditions BD = 0, A(BC) π = 0, C(BC) π = 0, and (BC) π B = 0. In [7, 13, 14, 17] , expressions of the GD-inverse of M are given under the following conditions (1) BC = 0, BD = 0 and DC = 0 (see [14] ); (2) BC = 0, BD = 0 (see [13] ); (3) BCA = 0, BD = 0, DC = 0 (see [7] ); (4) BCA = 0, BD = 0, and BC is nilpotent (see [7] ); (5) BD d = 0, BD i C = 0 for i = 0, 1, ..., n − 1 (see [17] ).
Theorem 3.2 relaxes some conditions in each item of (1)- (5) 
